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Table 2 Weighted disturbance

ENGINEERING NOTES 1209

Table 1 Constants for Eq. (9)

Trip designation Weighted value Funetion a b ¢ d e
AB, BA +18, —13, respectively R,y =% 2.6667 2.4794 1.3733 1.8144 —0.0204
AC, CA +38, — 38, respectively S, v =% —2.0000 —1.8055 0.0001 0.7599 —0.1290
BC, CB +25, —28, respectively R,v =% 2.2856 2.5128 1.3700 1.4511 0.0163

S, v =3 —2.0000 0.1725 0.0020 —0.2863 0.0165

interrupt the photocell beam by hand waving or to and fro
motion without actually taking a trip. Thus, improved tech-
niques using a greater number of photocells and possibly in-
corporating television monitoring would help in upgrading the
trip data resulting from future experiments.
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Simple Formulas for Unsteady
Pressure on Slender Wedges and
Cones in Hypersonic Flow

K. J. OrRLIK-RUCKEMANN*
National Aeronautical Establishment, Ottawa, Canada

NVISCID surface pressure on slender wedges and cones

performing small-amplitude pitehing or plunging oscilla-
tion has been calculated by Melntosh,!'? using the hyper-
sonic small-disturbance theory. Similar information but
for slender wedges performing pitching oscillation with an
amplitude of the order of the wedge semiangle has been ob-
tained by Kuiken.** However, the results of all this work
are not too readily available; MecIntosh’s results are in the
form of graphs of the static and dynamie lift and pitching
moment derivatives vs the inverse of the hypersonie similarity
parameter K and also, for wedges only, in the form of an in-
finite series, whereas Kuiken’s results are given as closed-
form expressions, but containing functions of K which are
only available in the form of a table. In the present Note
simple formulas are presented with which the inviseid sur-
face pressures at low frequencies in all the aforementioned
cases can be rapidly calculated. It is also shown that for
small amplitudes, the error introduced by omission of higher-
order terms in frequency is generally less than 19 for re-
duced frequencies as high as 0.3.

Slender Wedge—Small Amplitude (Any v)

Let us consider surface pressure on a wedge as the sum of
a mean pressure P, associated with the wedge semiangle 8.,
and an unsteady oscillatory pressure Pos. caused by the os-
cillation of the wedge. The two pressure components may
be obtained from the analysis of Ref. 1. Denoting by U and
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L the upper and the lower surface of the wedge, respectively,
we have

Pn = Pu@YK2 — v+ 1)/(v + 1) (1a)
[Poseltrz = FPoyM2raeitd X

{F1 +26—ikx Z (__)\)neikl‘nx Fz} (1b)

n=1

where p.. is the freestream pressure, v is the specific heat
ratio, M, and U, are the freestream Mach number and
veloeity, 7 is the unperturbed shock wave angle, & is the
amplitude of oscillation, £ = we/U.. is the reduced frequency
based on the wedge chord ¢, I = ic/U., is time, & = xc is the
axial distance from the leading edge, and 4, N, and T' are

functions of K and v as follows:
A = {[29K? — v + 1)/[(v — DK + 2]}
A= [(K* + D4 — 2K*)/[(K* + )4 + 2K?]
F=@Ad-1n/Aa4+1

If

K is the hypersonie similarity parameter based on the unper-
turbed shock wave slope, that is, K = M.,r. For a wedge
performing pitching oscillation around @ = o, we have

Fi=1+41kix — ), Fo = 1 + tk(T"x — xy)
whereas for a wedge performing plunging oscillation
Fy =k, F, = ik

Expanding the exponential functions in Eq. (1b), refaining
only ferms to the order of %% and performing the indicated
summations, the unsteady oscillatory pressure on a wedge,
which performs pitching oscillation 8 = 8¢’ = Ge**! around
x = 1o (where positive 8 reduces the inclination of the upper
surface to the flow), may be written, for § < 7,

[Poselv.z = :Fz—)oo’YMooAK{@[Bl + 2k*(xBs + 2oBs)] +
8[zBsy + zoBs + x%2(xBs + 2B )(c/UL)} (2)
The corresponding expression for a wedge that performs
plunging oscillation A = hee™! = @ef** (where he is displace-
ment positive down) is, for h < 7,
Poselvnr = = PuYMLAK {hak?Bs + k(B + x%2B:](c/Us)}
3
It may be noted that Eq. (3) can be obtained directly from
Eq. (2) by setting, in Eq. (2), o >> 1 (whereas 0 < z < 1),

0= —h/xy,and § = —h/x,.
Functions By, B, . . ., By depend only on K and v and are

B, =1—2Cy, B, =1+ 2C, — 4C,
B; = ~1+4 2C, = —By, By = Cy — 4C, 4 3C,
B; = 2C, — 2Cy, By = —3Co + 20, — 3C: + 4C;
B = —Cy,+2C, — C,
where

Co= N[*/(1 £ A" (n = 0,1,2,3)
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Table 2 Maximum relative errors due to curve fitting
and omission of higher terms

R Ry R, R
Curve fitting, % 0.008 0.012 0.017 0.080
Omission of higher terms, 9, 8.5k 1.2k* 3.0k?

The frequency-independent part of Eq. (2) agrees with
Eq. (14) in Ref. 5.1 Also, the frequency-independent parts
of pressure due to 8 and 4 are equal, as they should, since

Bihe/U. = —B.# (5)
We have the following limiting cases:
K—1
A=1,Ax=0T=0 (for any 7)

K- o

A =224 ) = 0.0566, T = 0.383 (vy=1%

A =265, N = 01397, T = 0.452 (v =%
vy—1

A=K \=TI?

Both M and T' increase monotonically with K and coeffi-
cients By, Bs, Bs, and B; always remain small as compared
to one. Since the frequency-dependent terms all include
the factor k2, they are all negligibly small for small values of
k. It can be shown that for ¥ < 0.3 and regardless of the
values of K, z, and x,, the frequency-dependent terms are
almost always smaller than 19 of the corresponding frequency-
independent terms, except for some extreme cases, where
the latter terms themselves are very small.

In the double Newtonian limit, ¥ — 1 and K — «, we
have

T=\=10C,=1
Bn=0

(n = 0:17273)
m=0,1,...,7)

However, the unsteady pressure is not necessarily zero,
since for these conditions Eqgs. (2) and (3) become indeter-
minate. Then, the value of pos, has to be determined from
a separate study, e.g., one that would involve an expansion
in terms of the Newtonian parameters e and N as shown in
paragraph 2.6 of Ref. 1.

Slender Wedge—Large Amplitude (v = £ and )

For amplitude of oscillation which is of the order of wedge
semiangle 6,, the pitching motion may be expressed as

OD<a<l) (6)

where 8 is defined positive in the same direction as before and
again the oscillation is about zero wedge incidence. For
low reduced frequencies, the pressure on the upper surface of

= af, coswl

1 Correcting a misprint, the left-hand side of that equation
should read Dp/(p202Us).  In this connection, an error was dis-
covered also in Eqgs. (9) and (11) of Ref. 6, which should be,
respectively,

(pm> _ 2K — v 41 - 2vK3
U.L v+ 1 K41

Fo = 4R3 /(K2 4+ 1)

In a remark after Eq. (13) in Ref. 6, this makes function Fo
identical to the previously used function F(M.8,) in both the
lower limit (weak shock) and the upper limit (strong shock).
Although the difference between the correct value of Fo and
that initially given in most cases is small, Fig. 2 in Ref. 6 should
no longer be used.
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a slender wedge can then be obtained from a paper by Kuiken?
as

P = pu(l + RAE + Sdx) Q)

where pn Is given in Eq. (1a), £ = wZ/U., is the local reduced
frequency parameter, x = «l/U., is the reduced frequency
parameter based on the distance ! of the axis of oscillation
from the leading edge, B and S are functions of K and v
which were tabulated in Ref. 3, and

I q [(K? — 1)/(2K)] sinwi
= KT = D/EOFN = a cosall + 1} O

Using the procedure of curve-fitting, functions R and S of
Ref. 3 can be expressed as analytical functions of the form

R(or8) = (aK* 4 bK?2 4 ¢)/(K*+ dK>+¢) (9)

which agrees with Tables 1 and 2 of Ref. 3 within better
than the last digit of the tabulated values if the constants
in Table 1 are used.

As discussed in Ref. 3, Eq. (7) may be valid for general
wedge motion if (« coswt) and (a sinwl) in Egs. (6) and (8)
are replaced by functions [I — f(el)] and [of(wl)/0(wl)],
respectively, as long as f(wl) is of the order of unity.

Slender Cone—Small Amplitude (y = %)

Consider a slender cone, with the cone semiangle 8., which
performs either a pitching oscillation

0 = Gt = raettt (0 < 7)

about its vertex, or a plunging oscillation
h = hee™t = rae* h < 7)

Expressing again the surface pressure on the oscillating cone
as the sum § = Pn + Pose, We obtain, from the hypersonic
small-disturbance analysis of Ref. 1 for the pitching cone,

Pose = Pmarert COS‘P[(ISLO -+ x2P~1.2 + $4p1.4) + ix(ﬁl.l +
Z'Zﬁm + x4ﬁ1.5)] (10)

and for the plunging cone,

Dose = Pmae®t cosy[z(Pry + 22Prs + 2'Prs) +
i(Pro + 2Py + 2*Pr)] (1)

where p,. = P..vK2po is the steady mean pressure on the cone, po
is the steady dimensionless surface pressure, which is a known
function of v, K, and of the steady dimensionless surface
density po, and ¥ is the azimuthal coordinate, such that
Y = 0 at the top of the leeside of the cone when 6 > 0.

Functions Pig, P11, . . ., ete. describe pressure perturbations
at the surface and can be obtained, for a given combination
of K, v, and k, from the analysis of Ref. 1, which involves
a numerical solution of a large number of simultaneous
differential equations.

In each of the round brackets in Eqs. (10) and (11), the
first term represents the perturbation of the lowest order in
reduced frequency %, whereas the second and the third terms
contain an additional factor k2, as compared to the first term.
Since in hypersonic stability analysis we always have £ « 1,
a very useful first approximation may be obtained by neglec’o—
ing these higher-order terms. Rewriting Eqs. (10) and (11)
and introducing the oscillatory variables  and A and their
time derivatives (indicated by dots), the pressure components
at the surface of the oscillating cone are

Pm = PuVK*Ro

6 o
Pose = PovK? coSY [Rl “09— + Uc 0. Rz] (pitching) (12)
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or
_ _ e*h, ch .
Pose = PoyK? cosy l:x T, R; + U.o. R{l (plunging)
(13)
where Ry = py, and, letting P == p,8./7,
R1 = P131.0, R2 = PAPLl/k
(14)

R3 = —PP1_1/]C2, R4 = PAPIO/]C = R1

Since the analysis of Ref. 1 is based on the hypersonic small-
disturbance theory, all the pressure ratios are functions of
only v, K, and of the oscillatory variables normalized by
cone semiangle, as they should.

Numerical values of po and of the 12 pressure perturbation
funections appearing in Egs. (10) and (11) have been calcu-
lated by Melntosh for v = 1.4, & = 0.5 and 1.0 and for 12
values of the hypersonic similarity parameter K ranging
from 1.04 to 100. Curve-fitting these numerical results,
each of the functions Ry, Bi, R, and B3 may be represented
as a polynomial in K ~2, namely,

6
Ro=— 2, @K (m=0123) (15)
n=0
where
Qoo = —08747, AQor — _00909, Qo2 = 0.1049

ags = —0.5608, age = 1.6659, a5 = —2.1070
ags = 1.0420, a;p = 1.7060, g, = —1.8456
e = 0.4287, a;3 = 0.4196, a4 = —1.8153
ais = 2.3851, aig = —1.1774, axn = 2.3316

a1 = '—384:03, U9y = 37825, Aoz = —27061

f
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G = —0.2412, ay = 2.3776, aw = —1.5319
am = 0.3128, as; = —0.9976, az = 1.6810
am = —1.5845, az = 0.8356, az; = —0.0520

as = —0.1596

By comparing R.. obtained from Eq. (15) with the corre-
sponding results of the numerical analysis, the maximum rela-
tive error introduced by the curve-fitting in the range of
1.04 < K < 100 may be caleulated. By comparing the
maximum values of the second terms in parentheses in
Egs. (10) and (11) to the corresponding first terms and
neglecting the remaining terms altogether, the maximum
relative (percentage) errors due to omission of higher terms
may be determined and are given in Table 2. The
largest errors due to curve-fitting occur for low values of
K, where functions R, undergo their largest variations with
K. For K > 1.3 the relative errors decrease with increasing

K.
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